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Abstract

In a game with positive externalities, such as e.g. the standard environmental externality game used in
the analysis of international environmental agreements, the solutions having the property of
coalitional internal stability, when they exist, are compared in this paper with the solutions with the
property of y-core stability. Key instruments for that comparison are the notions of stable imputations,
on the one hand, and on the other, of partial agreement Nash equilibria relative to a coalition as they
result from unacceptable, i.e. unstable imputations. The relation between internal and core stable
solutions is claimed to be one of compatibility, the former concept complementing the latter in the
games where internally stable solutions exist. But this class of games is more restricted than the one
for which only y-core solutions exist. The argument is first presented graphically, then analytically.
The relations here exhibited between core and internal forms of stability arouse some concluding
thoughts on efficiency, coalitional stability, and on motivations in sharing the surplus generated by

cooperation in international environmental issues.
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Introduction

Two alternative concepts of coalitional stability are dealt with in the game theoretically
inspired literature that deals with international environmental agreements: « internal
stability » (IS) on the one hand, which was introduced in the field by Carraro and Siniscalco
1992 as well as Barrett 1992, who borrowed it from oligopoly theory?2. « Core stability » (CS)
on the other hand, introduced in the field by Chander and Tulkens (1994, 1995, 1997) who
applied, and extended in a specific direction, a concept from classical cooperative game

theory?3.

These two concepts were contrasted in only two occasions at the theoretical level4, without
the comparison leading to sufficient respective characterizations to show their interrelation —
if any. With a numerical simulation mode15, Bréchet, Gerard and Tulkens 2011 proposed a
first such comparison. It confirmed theoretical intuitions, namely the possibility of exhibiting
a core stable solution on the one hand, and on the other hand, the frequent impossibility to
find an internally stable solution for the grand coalition. But a logical reason for this

difference is lacking in that paper.

I claim to offer such an explanation in the present note, showing that, far from being
contradictory, the two concepts do belong to a same family, complementing one another.
Nevertheless, they are based on quite different views of what determines coalitional stability

as well as cooperation. I elaborate and contrast these views in the concluding remarks.

1. The environmental externality game and the coalitional stability issue

1.1 The game

What I call here the standard environmental externality game (henceforth EEG), is stated in
coalitional function form originally in Chander and Tulkens 1997. It consists of a set N of

players (countries) i = 1,...,n, and a coalitional function®, w”, that specifies the worth w 7 (S)

of every coalition S C N as it results from the strategies chosen by the coalition members.

2 To be found in d’Aspremont and Jaskold Gabszewicz 1986.

3 The core concept finds its origin in Gillies 1959. For a textbook presentation, see e.g. Mas Colell, Green and
Whinston 1995.

4 Namely Tulkens 1998 and Chander and Tulkens 2009, with a discussion in Thoron 2009, p.191.
5 Namely the CWS model, derived from Nordhaus and Yang’s 1996 RICE model.

6 Called at the time “characteristic” function. I follow here the more recent terminology used, say, by Aumann
1987.
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More explicitly, letting the individual and coalitional strategies be denoted by (e;,x;), with
O=<e <e°, i=1,..,n (pollutant emissions from production, with some exogenously given

upper bound e°) and 0 < x, (private good consumption in country i, made possible from

production, within limits specific to each coalition), the payoffs are concave functions of the

form u, = x, —vl.(z e;). withv; >0 where the second term (a convex function) represents
JEN -

disutility from aggregate emissions. The game is “with externalities” because the payoff of
each player is a function of the other players’ strategies in addition to his own, the externality
is “environmental” because it affects all players’, and it is with transferable utility because of
the quasi linearity of the payoff functions. These assumptions allow one to specify for each
coalition S the coalitional function w”(S) as the sum of the payoffs of the coalition’s

members.

However, in addition to accounting for the worth of a coalition, the y-coalitional function can
also specify (albeit only implicitly in the original formulation recalled here above) the
payoffs that are obtained by the players who are not members of S. Indeed, the function is
actually defined by using an equilibrium concept assumed to prevail when S forms, namely
the “partial agreement Nash equilibrium with respect to S “ (PANE wrt S). This equilibrium
consists of a strategy profile denoted &° =(é’,...,¢") that involves all playersS, those in the
coalition as well as the others: players in the coalition choose strategies that maximize their
joint payoffs, whereas the players not in S choose individually, as singletons, their strategy

as best reply to the action of all other agents.

1.2 The coalitional stability issue

As a “strategically stable solution” for the game so sketched out, Chander and Tulkens 1995,
1997 propose to use the classical game theoretical concept of core of a game, appropriately
modified to fit the specifics of the coalitional function w ”. Thus, the vy-core of the
environmental externality game is defined as the set of payoff vectors such that no coalition
SCN can achieve higher payoff levels for its members®. The authors exhibit a specific

strategy that yields payoffs in the corel®. By construction, a core solution dominates any

7 This property of the EEG is shared with what is sometimes called the « public goods game », a terminology that
I avoid because there is no production of a public good in the above model but well production of a private good.
However, the externality (emissions) generated by the process does, like a public good, affect all agents of the
economy.

8 A “PANE wrt S “ is a Nash equilibrium of the game between the coalition S that forms (acting as if it were a
single player) and the other players acting as singletons. A formal definition of the concept, its properties and the
way it generates the y-coalitional function are given with full details in sections 4.2 and 4.3 of Chander and
Tulkens 1997.

9 A formal definition is given in Section 5 below.

10 More generally, Helm 2001 shows for the game the qualitative property of balancedness, which implies a non
empty core. No uniqueness property is being sought for.
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outcome that would involve coalitions smaller than the “grand” coalition of all players and
therefore the core property applies only to S = N. A first numerical test of the existence result
on a numerical integrated assessment model (CWS) has been made in Eyckmans and
Tulkens 2003. It has lead to a positive answer, which was confirmed in Bréchet, Gerard and
Tulkens 2011.

Parallel to this development, “internal stability of coalitions” in the sense of the theory of
cartels initiated by d’Aspremont and Gabszewicz has been called for by Barrett, Carraro and
Siniscalco for considering whether in the environmental externality game, any coalition and
possibly the grand one, N, would have that property. For any coalition SC N internal
stability is defined by the fact that for each one of its members, the payoff is higher when
being a member of it than when staying outside!! ,12. Analytical existence results of outcomes
of the game with internally stable coalitions are obtained only under the assumption of
symmetric players, and for coalitions with only a few members (n < 3). Early numerical tests,
also with CWS, were presented in Eyckmans and Finus 2009. They confirmed non existence
of internal stability results for the grand coalition in an environmental externality game with

n > 3.

Over the years, the amount of environmental economics literature devoted to internal
stability has been much larger!3than the one exploring core stability!4 Yet, on the other
hand, the pure game theoretical literature has been rather sulky with respect to the internal
stability concept. Are the two concepts contradictory? Are there logical reasons for preferring
one to the other? This paper is built on the intuition that they are complementary, in a sense
to be made precise below. But the theoretical analysis will show that the class of games for
which internal stability of the grand coalition holds is a restricted one, compared to the class

where core stability can be shown to hold.

2. Graphical representation of coalitional payoffs

In the hope of gaining in accessibility, I introduce the argument graphically in the case of a

three players coalitional game, and extend it subsequently to the n > 3 players case. To that

11 A formal definition is given in Section 4 below.

12 The somehow parallel concept of external stability is not considered in this paper, because I wish to focus on
stability of N, for which external stability is irrelevant.

13 A non exhaustive list appears in Finus and Caparros 2015.

14 Main examples being Van Steenberghe 2003 and 2005, as well as the various dynamic versions of the model

reviewed in the introductory part of Germain, Tulkens and Magnus 2010. Cores of voting games are used in
Currarini and Tulkens 2003.
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effect, a well known graphical technique!®is used, which has already been applied to the
EEG in Chander and Tulkens 2009 (pp. 176-177)16. In the present paper it is extended so as to
visualize the presence of the externality and derive thereby the insights announced in the

introduction.

2.1 Payoffs of coalitions in absence of externality: a reminder

For the grand coalition of a usual 3-players game with coalitional function traditionally

denoted v(S), SC N, normalized to 0, the set of accessible payoffs {uy, uy, uz} such that!”

2: u; =v({1,2,3}) i.e. the Pareto efficient surface, is representable by the points that make up

the triangle ABC in the three-dimensional diagram of Fig. 1. This set is also called the set of
imputations of the game. In the case of an Edgeworth market game, the 0-normalization
reflects the convention that the origin corresponds to the payoffs of the players at their initial

endowments.

Pareto efficient
surface
{123

~

e T~

uz

Fig. 1 The set of imputations

In such a game, if coalition {1,2} forms, one represents in the two-dimensional space on the

right of the diagram the set of accessible payoffs {u,,u,} such that E; u; = v({1,2}), which is

what this coalition can achieve and is represented on Fig.2 by the line drawn in the plane

(MI, I/lz).

151 chapter 18, Appendix A pp. 673 & ff., Mas Colell, Green and Whinston 1995 give excellent graphical
representations of 3 players games.

161t was used there with the different intention to illustrate and characterize the v-core solution. Within that set,
the particular solution is exhibited that results from the use of the specific transfers formula proposed by Chander
and Tulkens in their 1995 and 1997 papers.

17 1n this paper, the set of players in a coalition S supposed to form will most often be denoted by the list of
numbers that identify the players, within braces: e.g. {1,2,3} denotes the coalition whose members are players 1, 2,
and 3. Player 1, 2, or 3 when considered as singletons, are denoted similarly {1}, {2}, {3}.
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4 Pareto

surface
Pareto surface v({1,23)

for {1,2}: \

v{1.2}) Projection of v({1,2))
on the Pareto surface

Pareto surface
for {1,2,3}:
v({1,2,3})

e TS, « k S

Fig. 2 What coalition {1,2} can do Fig.3 “B”: a “blocked” imputation

Projecting the line v({1,2}) on the surface v({1,2,3}) yields on the Pareto efficient surface a
similar line that is of key interest to appreciate the stability of coalition {1,2,3}. Indeed, this
line permits to locate on the v({1,2,3}) surface the subset of its points that constitute
imputations in the three person game which are not acceptable by coalition {1,2}. For
instance in Fig. 3, the imputation « B », a Pareto efficient point for coalition {1,2,3}, is rejected
(or « blocked ») by coalition {1,2} because to point B there corresponds point « B” », which is
the projection back of B in the (uq, u,) space, and « B” » lies below v({1,2}), that is, below what
coalition {1,2} can do by itself.

Such rejection of B, as well as (for the same reason) of all imputations in the triangle that B
belongs to, is usually interpreted by asserting that that none of these imputations can be an

outcome of the game, because they are blocked by a subset of the players.

I propose below another interpretation of a situation like B, in the special and distinct context

of a game with externalities.

2.2 Representing “sensitivity to the coalitional externality” and “outside option payoff”.

Notice that in the description just made of the formation of coalition {1,2}, what happens
with player 3 is simply ignored. That ignorance is innocuous if the actions of the members of
that coalition do not affect player 3, which is the case in games where there are no
externalities such as the standard market games I have referred to. However, if an externality
does occur between the players, and between all of them as in the EEG defined above, then a
graphical representation of their mutual interactions can be obtained as follows. First, when
each player acts individually and chooses his most preferred strategy, the outcome is
obviously a Nash equilibrium of the game defined in Section 1.1 above. In a three
dimensional diagram of the kind used so far, let the origin conventionally correspond to the

payoff levels at that equilibrium.
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Next, consider coalitions. For instance, when players 1 and 2 choose a joint action, this has an
effect on player 3, favorable to 3 if the externality is of the « positive » type, and of a
magnitude due to the specific fact that the external effect now results from the jointness of the
strategies of the coalition members. Graphically, in the (17, u,, u3) space, the windfall benefit
that player 3 receives from {1,2}’s action as a coalition!® can be measured in terms of a segment
along the u3 axis (see Figs. 4 & 5 for two alternative cases). The amount of this benefit is
determined by the subjective characteristics of player 3’s payoff function. I shall call it his

sensitivity to the coalitional externality®d.

If one now adds the consideration that while benefitting from the externality, player 3 can of
course also act on his own, according to his preferences, one can interpret the extreme point
of the segment just identified as the outcome in payoff terms of a simultaneous occurrence of
two things: (a) a utility maximizing individual strategic choice and (b) the reception of a
positive externality. I therefore shall denote this point on the uzaxis by the expression
w°({3};{1,2}) — see Fig. 4 and Fig 5 for the alternative possible cases of sensitivity to the

coalitional externality just shown.

Parallel to that, it will be useful to adopt from now on, for what I have called the Pareto
surface for {1,2}, the notation w7 ({1,2};{3}) so as to describe the behavior of coalition {1,2} in a
way that takes into account the existence and the behavior of player 3 outside of it. Note that

both w°(.;.)and w”(.;.) are each just one number.

u, Mu,
Pareto
surface Pareto ~
w¥({1,2,3}) \ surface ™~
wr({1,23})

wr({1,2}{3}) wY({1,2}:{3})

e N e N

u; uz U- ' u,

Two typical cases of player 3’s sensitivity to the externality generated by coalition {1,2}

Fig. 4 Low sensitivity Fig.5 High sensitivity

18 1¢ {1,2} does not form, the externality described here does not occur: all players’ payoffs go back to 0, i.e. the
Nash equilibrium of the game, where only individual externalities are exerted.

19 At an earlier stage I thought of calling “the size of the externality » the phenomenon here described — an
expression which is not without relevance, as the sequel will show. Yet the term sensitivity finally chosen points
better to the subjective component of it.
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As to terminology, the expression of « outside option payoff » attached to player 3 at the
point w°({3};{1,2}) in Figs 4 and 5 is self explanatory if one thinks in the context of a three
players game in which coalition {1,2} is formed and player 3 is still in the game, but outside of

the coalition.

2.3 The PANE wrt § and the P-coalitional correspondence

At a more general level, this terminology leads one to describe the situation of the three
players — actually, a conceivable outcome of the game — in terms that recognize explicitly
their respective positions, a situation which is exactly the one that has been named above a
« Partial Agreement Nash Equilibrium with respect to a coalition S » — in the case of Figs. 4
and 5, a P.A.N.E. wrt {1,2}. This is expressed by the two values wy({l,Z};{3}) and w°({3};{1,2})
which are, respectively, the sum of the payoffs of {1,2} and the payoff of player 3 at that

equilibrium.

But this amounts to substitute, for the single valued coalitional function wy(S) introduced in

Section 1.1, a multi valued coalitional correspondence P«(S) which in the case of Figs. 4 and 5
associates with S = {1,2} the pair [wy({l,Z};{3}) , w°({3};{1,2})] just described.

Stated in general terms, the correspondence P’ (.) associates
- with every coalition SC N:
(i) the expression wy(S ; {j} j€S), that is, the scalar value of the sum of the payoffs of the
coalition members at a PANE, given the presence of the non members as singletons, and
(i) for each JEN\S, the expressions w°({j} j&S ; S, {k} kKEN\SU{j}), that is, the vector of the
scalar values of the individual payoffs of the non members of S considered as singletons

at that same PANE, given the presence of S and of the other singletons within N;
- with coalition S = N the scalar value wy({1,2,3}).

Thus, all payoffs in this definition are those induced by the strategy profile that defines the
PANE wrt S assumed to prevail when S forms. This correspondence will be used from now
on in the developments to follow. Strictly speaking, our game originally said to be in

coalitional function form should now be called “in coalitional correspondence form”20,

20 Weikard 2009 (Definition 1, p.578), uses the same concept, calling it « cartel partition function ». More recently,
Eyckmans and Finus 2012 similarly conduct their analysis by means of a « partition function » of the same
coalitional structure as the one of the partial agreement Nash equilibria with respect to a coalition used in y-core
theory.



10  Internal vs. core coalitional stability CORE DP 2014/58
Henry Tulkens — March 2015

2.4 Free riding vs. cooperation

In our graphical example, the position of player 3 at the PANE wrt ({1,2}) can be seen from
two alternative points of view: either from the point of view of a player outside of coalition
{1,2}, who enjoys the benefits generated by {1,2}’s joint action without being involved in its
realization — a typical free riding position; or from the point of view of the same player being
a member of the coalition {1,2,3} and cooperating with it, but considering to break away, the
best result that he can hope for is w°({3};{1,2}). While the former point of view is one of
coalition formation, the latter is rather one of stability of N, i.e. cooperation within N. In this
paper 1 concentrate on the latter, being motivated by the search for what sustains

cooperation in the alternative perspectives of internal vs core stability concepts.

3. The source of internal coalitional instability: non acceptability of the outside

option payoff and the ensuing defection

Pareto surface

for N=(1,2,3) \

Pareto surface
for N={1.2,3}

If outside option
of 3is wo({3}:{1,2}),
then
acceptable
for{1,2}

wr({1,25{3D)
WY ({1,25(3D)

If outside option
of 3is wo({31:{1,2})
then
unacceptable
for {1,2}

& c b3 us u,

Acceptability vs. non acceptability of player 3’s outside option payoff within the {1,2,3} coalition
depending upon 3’s sensitivity to the externality.

Fig. 6 Low sensitivity Fig. 7 High sensitivity

Internal stability vs. instability of coalition N can be illustrated in the following way. On both
Figs 6 and 7, the point representing the outside option of player 3, w°({3};{1,2}),is projected on
the Pareto surface for N as an entire dashed line, namely a’b’. The difference in sensitivity to
the externality implies that this line lies either above (Fig.6) or below (Fig. 7) the line d3c3
which is the projection of the joint payoff w’ ({1,2};{3}).

The two parallel diagrams show that a request by player 3, within {1,2,3}, for an imputation

that would correspond to a point lying “above” the line dsc3, may be acceptable for the two

other players in Fig. 6, whereas such a claim would be unacceptable in the case represented
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by Fig. 7. The explanation is most obvious in the latter case: in Fig. 7, if player 3 demands an
payoff that puts him on the dashed line, the “back projection” a’b’ of this dashed line on the
space (u7,u,) shows, by comparison with the coalition’s payoff w’({1,2};{3}) in that same
space, that coalition {1,2} can do better for its members without having player 3 along. It
therefore prefers the PANE wrt {1,2} to any of the grand coalition imputations on the dashed
line. The demand a’b° of player 3 makes the grand coalition {1,2,3} unstable, and eventually

breaking down.

Alternatively, in the case of Fig. 6, a similar back projection shows that player 3’s request for
a payoff that puts him on an imputation line that would grant him his outside option payoff
leaves players 1 and 2 with ample possibilities of payoffs that are better than those they
could achieve without player 3, namely all those represented by points in the area Aa’b’B.
Accepting an imputation that compensates player 3 for not exerting his outside option thus
does not endanger the stability of the grand coalition in this case. In addition, it allows {1,2}
to reach payoff levels for themselves that are inaccessible without player 3, as shown by the
respective positions in the space (u4,u,) of the projection a’b” of the dashed line a’b° and of

the line of the joint payoff wy({l,Z};{3}).

It is now meaningful to call the dashed line a’b’ an “acceptability line”. This graphical
representation of player 3’s outside option payoff confronted with the set of imputations of
the game suggests that recognizing it in the negotiation process (whereby an imputation is
sought for N) amounts to restricting to the area a3b3c3d3 the set of imputations accessible in
the game, at least in the case of Fig.6. In more pedestrian words, acceptance by the grand
coalition of a player’s request for compensation not to free ride “bites” on the Pareto surface
of the game. When that bite is big enough, such an area does not exist, the Pareto surface is

not accessible anymore, and cooperation with that player within N breaks down?l.

4. Multiple reciprocal externalities and the ISI set

4.1 Representing multiple reciprocal externalities and internally stable imputations

Consider now an externality generated by coalition {1,3} on player 2. Repeating the above

reasoning, the degree of player 2’s sensitivity to it is represented by the level of the payoff

21 This argument is not without connection with the one put forward by BARRETT 1994 where he suggests that
cooperation in the sense of internal stability is more likely to occur when there is little to gain from cooperation.
To the extent that one correlates what I call here the importance of “sensitivity to the externality” (or its “size”

with the importance of the gains to be obtained from cooperation, the idea is of the same vein. When the
externality, and more precisely the sensitivity to it, is a “large” one, internal stability of a coalition is unlikely
because the request for the free riding payoff is likely to be “large” too, and therefore not acceptable by the
coalition members. Anticipating a bit on the topic of Section 5, let me point out that in the core stability concept,
such dependency on the sensitivity to the externality does not play any role.
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w°({2};{1,3}). Considering the two externalities occurring simultaneously, one gets Fig. 8.
Introducing the third player leads to Fig. 9 where all three players generate externalities on
one another??, having the sensitivities indicated by w°({1};{2,3}), w°({2};{1,3}) and w°({3};{1,2}),

respectively.

Fig. 8 Two coalitional externalities Fig. 9 An Internally Stable Imputations set

with their respective acceptability lines with three coalitional externalities

Thus, a set of points is generated on the Pareto surface that forms the triangle CEF. Each side
of this triangle is obtained by the procedure followed thus far: it thus consists of the
intersection of the three areas alblcldl, a2b202d2 and a3b303d3. As each point of this set is an
imputation of the game, that grants all players, as members of the grand coalition, at least
their free rider option payoff, I propose to call it the set of Internally Stable Imputations
(henceforth the ISI set, for short).

If the point is an interior one to the intersection, all players get actually more than their
outside option payoff. If the point is located on a side, such as the CE side for example, it
grants one player, player 3 in the example, just his outside option payoff. Similarly, point C
is an imputation that grants just their outside option payoffs to both players 2 and 3, whereas
the u; coordinate of this point shows that player 1 gets a payoff larger than what his outside
option would secure him; in fact, he gets all of what remains of the gain from cooperation in

N, if 1 and 2 receive just their outside option payoffs.

4.2 Feasibility and the ISI set

In general terms, the above amounts to state:

22 Hence called « reciprocal ». The case of unilateral externalities where polluters and pollutees are distinct
economic agents is illustrated in the diagrams of Chander and Tulkens 2009 (pp. 176-177) mentioned above.
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Definition 1: For any game in the EEG class, in coalitional correspondence form [N, P’], the

set of internally stable imputations (the ISI set) is the set of payoff vectors
x°=(x/,....,x)) ER, such that

(@) ViEN, x; =zw°({i}; N\{i})

B Y x=w(N).

Properties (a) specify that the payoff of each player in the imputation reaches at least the
level of his outside option payoff. Property (b) ensures that such vectors x° are feasible

imputations of the game.

Fig. 10 A game where the ISI set is empty.

On Fig 10, the outside option payoff of each player i, considered in isolation, is acceptable for
the members of N\{i} so that condition (a) is met in this case. Yet, the ISI set is empty, as
revealed by the fact that the three areas alblcldl, azbzczdz and a3b3c3d3 do not intersect. The
position of the dashed line a;b;, which is “higher” along the u; axis than it is in the previous
figure, seems to be the cause of this emptiness. But it is not so. The cause lies in the positions
of all three dashed lines, relative to one another and the non intersection reveals an
impossibility of simultaneous acceptability of otherwise acceptable individual requests for

compensation not to free ride. Formally:

Condition 1: For the ISI set to be non empty it is necessary that the game’s coalitional

correspondence P’(S) has the property that
D we{ik N LY s wi(N).

In words, the sum of the claims for outside payoffs of all players should not exceed the

common payoff that the grand coalition can achieve. This feasibility, i.e. existence, condition
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implies that the concept of internal stability is applicable only to a class of games where the
players’ sensitivities to the externality is not “too large”, not only at the level of each of the
individual players but also globally. In other words, while the concept of an internally stable
solution is well defined for classical EEGs as defined at the beginning of this paper, such a
solution can only be found to prevail only for a subclass of these games and consequently of

the underlying economies, namely those with “not too large” coalitional externalities.

5. The ISI set and the y-core

The developments thus far have been made in order to formulate the concepts of internal
stability theory in the terms and vocabulary of the theory of core stability, with key elements
of that formulation being those of partial agreement Nash equilibrium with respect to a

coalition (S) and the coalitional correspondence Py(S ) derived from it.

Using the textbook representation referred to in Section 2.1 above of coalitional functions of
cooperative games, one can proceed to a similar graphical representation of the y-core of the
EEG. This is done in Fig. 11 where the core is a subset of the Pareto surface depicted by the
area cjdjcydycgds?d. Actually, as the reader surely has realized, this form of the y-core was
already present from Fig. 9 on. However, the y-core may have other forms, such as the area
DHL in Fig 12 for instance, due to alternative characteristics of the coalitional

correspondence: here, stronger coalitional powers are at play?*.

. B
— = e Y
u,
u.

a

Shapes of the y-core for alternative specifications
of the environmental externality game where n = 3.
Fig. 11 : An “anchored” core Fig 12 An “interior” core

23 This representation appears to be the same as the one of the core of a usual market game, although our

coalitional function w” is different. But the difference is immaterial for the graphical representation because the
y-coalitional function used in the Chander and Tulkens papers referred to has a single valued image. It measures
only the sum of the payoffs of the coalition members, as does the coalitional function of a market game, and
ignores the payoffs of the other players.

24 With the terminology of « anchored » and « interior » cores in the legends of Figs 11 and 12 I am following
Gilles 2010.
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On that basis, putting together Figs. 9 and 11, leads to Fig. 13, that makes it tempting to state
that the ISI set, when non empty, is a subset of the y-core?>. However, the reverse inclusion
can also occur, as shown in Figs. 12 and 14, again, due to alternative characteristics of the
coalitional correspondence. Thus, the two sets can overlap, and considerably so. At the other
extreme, the question may be raised whether the ISI set (when non empty) and the y-core

could be disjoint sets.

Uy

. % b e
Fig. 13: A game where the ISI set (CEF) Fig 14: A game where the ISI set (CEF)
is contained in the y-core (c;djcydycsds) contains the y-core (DHL)

However, and more constructively, one can turn the question of the relation between the two
sets by asking whether for the same game conditions can be identified under which the
intersection of the ISI set and the y-core would be non empty. A positive answer would
establish conditions of compatibility between the two concepts, in the sense of the logical
possibility of finding solutions of an EEG having both properties of internal and core

coalitional stability.

Handling this question is probably not achievable with graphical techniques, but it can be
found in a fairly straightforward way by turning to the mathematical concept by means of

which the existence theory of the core is established, namely balancedness of the game.

6. Internal and core coalitional stability are compatible

Let Y;g; and Y-g; be, respectively, the sets of internally stable and y-core stable imputations

of any EEG with coalitional correspondence Py(S). It is claimed that, under certain

25 As was asserted in the first version of this paper, using an excessively restrictive notion of internal stability for
games with n > 3, that Claude d’Aspremont convinced me to abandon.
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conditions,

Yisi N Yegr = 9. (1)

This section is entirely devoted to establish this claim, which covers the graphical cases of

Figs. 13 and 14, as well as many other conceivable ones. To that effect, recall first:

Definition 2: For any game in the EEG class, in coalitional correspondence form [N PV], the

set of y-core imputations (CSI) is the set of payoff vectors y = (y,...,y.) ER] that

satisfy the inequalities

(O VSCN, ¥ 52w(S: {}ems)
(d) y, =w'(N).

iIEN

Theorem 1 (Bondareva 1963, Shapley 1967) : A coalitional game has a non empty y-core if

and only if it is a balanced game.

Theorem 2 (Helm 2001) : Any game in the EEG class, in coalitional correspondence form [N,

P}, is a balanced game.

Using these two known results, claim (1) can be established by verifying under which
conditions the balancedness of an EEG is preserved when what defines internal stability is
introduced in Definition 2 of the y-core. That is, if conditions (a) of Definition 1 are added as
new constraints to the system of inequalities of Definition 2. This results in a modified form

of the EEG, call it the IS-constrained EEG, for which one can have:

Definition 3: For a IS-constrained EEG in coalitional correspondence form [N, Py], the set of

IS-CS imputations is the set of payoff vectors z = (zy,...,z,,) €ER] that satisfy the

inequalities
(e) VSC N where |S| =2,
> 7= (S5 {i}ems)
(f) YSCN where |S|=1 and § D {i}
z, 2w ({i N\{i})

®) Y u=w.
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The novelty with respect to the y-core is the presence of the n constraints (f), which restrict
the set of admissible imputations to those that ensures every player i his outside option
payoff from N. However, recalling condition 1 on the feasibility of an ISI set, the above
definition of the set of IS-CS imputations is meaningful only if the EEGs to which it is
applied do satisfy that condition 1.

Subject to this last proviso, if the IS-constrained EEG is balanced, then by applying the
Bondareva-Shapley theorem one may assert that the IC-CS imputations set is nonempty, and

the compatibility claim stated above is established.

Balancedness, in turn, is established by exhibiting a strategy profile for the IS-constrained

EEG that satisfies the condition:

ESCC 8w’ (S;{j}jEN\S) =w'(N) )

where C is any balanced collection of coalitions belonging to a family X of such collections,

and &° €[0,1], SEC, are balancing weights that characterize these collections by the
g g y

condition that

SO{i}

The argument of Bondareva and Shapley consists in showing that, by duality, the expression
(2) implies the existence of a primal solution to the mathematical program implicit in the (e)-

(f)-(g) inequalities — a primal solution that is precisely a y-core imputation of the game.

There thus remains now to exhibit a strategy profile satisfying (2). In Section 1.1 above, a
strategy profile in the EEG was just denoted as a vector &° =(é’,...,¢.), without precise

specification of what a strategy consists of in the underlying economic model. This must now

be made explicit, as follows.

For each economic agent represented by a player in the EEG, the emission variable e; enters
as an “input”?® in a specific production function g,(e;), increasing and concave, as well as

in a damage function v,.(E e;), increasing and convex. With these two components and
JEN

letting X, = g;(¢;), the concave, quasi-linear utility function u, = x, _V"(E € j) mentioned
J!

26 Emissions being assimilated with pollutant emitting energy use.
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in Section 1.1 becomes ui(el,...,en);fgi (e,)- Vf(E - e;) that was used throughout this paper
e J
as player i ‘s payoff function with (e,,...,e,) as a strategy profile. For each coalition S, its
worth, i.e. the sum of the members’ payoffs, Eiesui =Eies[xi —vi(EjENe )], is similarly
expressed in terms of strategy profiles by letting EES X; = EES g.(e;). As to the coalitional

correspondence 22 (S), defined in Section 2.3 over the set of all PANE wrt a coalition and

~S ~S ~S . . . . .
denoted ¢” =(e;,...,€,), its multi-components image reads in strategic form as:

for each S, w'(S;{j},cms) = Eies(gi(éis) - Vi(EJEN (éf))

(3)
and
for each j € N\S, we({j} €S ; S, (k) KEN\SU()) = g,(@)-v,(>. _ &). (4)
Consider now the following strategy profile:
e(C)=(¢,(C),....e,(C)) ®)

where foreachi=1,...,n,

e.(C)="Y s 6°¢,(9),
&(C) Egj{ci} &) o

that is, a convex combination of the strategies adopted by player i at the PANE wrt the

coalitions S of which i is a member, and which are elements of the balanced collection C .

In view of the concavity of the functions g,(e;) and the convexity of the functions

v,.(E ENej), one may verify (as suggested in the Appendix) that (2) is satisfied when
J

specified in strategic terms as in (3) and (4) evaluated as in (5) and (6).
On that basis, one may conclude:

Proposition : For the IS-constrained EEG in coalitional correspondence form [N, P'], the set of
IS-CS imputations (i.e. the IS-constrained y-core) is non empty.

7. Concluding remarks

7.1 On the notion of coalitional stability.

The reconciliation announced in the title of this paper is essentially one of compatibility. By

expressing the concept of internal stability in the classical language of coalitional (i.e.
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cooperative) games, the two concepts appear to be formally related, and by no means

contradictory.

Compared to other solution concepts in cooperative game theory, internal stability for games
with externalities is of limited scope to the extent that its existence depends on a model
specific characteristic of the players’ payoff functions, namely their degree of sensitivity to
the externality: while high sensitivity entails emptiness of the ISI set, it may be the case that
existence holds with lower sensitivity. In the case of the y-core concept, existence of
coalitional stability rests only on the general property of concavity of the payoff functions,

and is independent of the importance of the externality.

Finally, while the two concepts rest on the idea of sharing the “ecological surplus”27, that is,
the surplus generated by the move from the no agreement Nash equilibrium to an efficient
Pareto outcome in an environmental externality framework, they organize that sharing on
quite different grounds. Internal coalitional stability is based on the bargaining ability of the
players to extract a part of the global surplus achieved in common within the grand
coalition. By contrast, core coalitional stability rests on the comparison, made by each
coalition, between what it gets from the common surplus and what it could get with its own

resources.

7.2 On efficiency, stability and cooperation.

In the vocabulary used by many authors of the game theoretically inspired literature evoked
in the introduction, stability of a coalition is almost always taken as a synonym for
cooperation within that coalition. There is also floating around the expression of “fully
cooperative solution”, which is used to denote an efficient (Pareto optimal) solution. The
analysis that lead to the present results gives an occasion to remind us of proper

correspondences between concepts and vocabulary.

To call an efficient (i.e. Pareto optimal) solution “the fully cooperative solution” is really a
misnomer. While it is correct that such a solution can only be reached, in the environmental
externality game, by formation of the grand coalition (because of the public good nature of
this kind of externality), it is an abuse of words to call it “cooperative”. Indeed, the
cooperative virtue of a solution does not derive from the fact that the grand coalition has to
form to reach efficiency, but well from the fact that the solution be accepted by all coalitions of
players (in the case of core stability) and/or by all individual players (in the case of internal

stability). As the pictures in the preceding pages show, there are an infinity of efficient

27 A happy expression coined by Bjorn Tuypens.
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solutions (all points of the Pareto surface), but only a subset of them are cooperative in the
core theoretic sense, as well as in the IS sense. On that basis, I propose to keep the expression
of “fully cooperative” exclusively for solutions that are at the same time efficient, core stable,
and internally stable — thus, in the IS-CS set. Let us call “cooperative” the solutions in the y-
core, “free riding free” those in the ISI set, and “efficient” those that are simply Pareto

efficient.

Considering now the two forms of coalitional stability, internal vs. core, when looked at in
their exact technical formulation, they appear not to proceed at all from a same motivation
towards cooperation. Internal stability is obtained by granting the players the payoffs they

could secure by not cooperating (their outside option)! These payoffs are of the nature of

carrots to keep them in the coalition they consider leavingZS. Core stability is obtained,
instead, by comparing what deviating coalitions could get using heir own resources, with a
solution that results from the coalitions’ resources being pooled with those of all the other players
in the game. Arguably, this is co-operation in a stricter form of the term. As well as more

fruitful, as far as existence is concerned.

Finally, other motivations for cooperation are at the source of other game theoretic solution
concepts not considered here, such as the nucleolus, the Shapley value, the bargaining set
and the von Neumann-Morgenstern solution. Identifying such motivations within the
framework of a specific game such as those in the class of our environmental externality
game, and comparing them with the motivations that are found here to be at the source of
core and internal forms of stability would enrich our understanding of what cooperation can

mean.

28 At an admittedly higher level of motivation, Weikard 2009 finds to be « a natural assumption to grant each
member a right (my emphasis) to a position no worse than his outside option » (p.580), based on a rights-
egalitarian sharing theory where «individual claims have priority and it is a collective responsibility to meet
them ».
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Appendix: Balancedness of the IS-constrained environmental externality game

Balancedness of the IS-constrained EEG [N, P'] is to be established by showing that the

inequalities (2) hold when expressed in the strategic form (3)-(4) and evaluated at the partial
agreement Nash equilibria (PANE) wrt balanced collections of coalitions as specified in (5)

and (6). Following Helm 2001, the proof is in three steps:

(1) By concavity of the production functions, one has

gi(ESEC 6séis)22sec 5sg,~(éis) i=1,...,n.

SO{i} SO{i}

(2) By convexity of the damage functions, one can show that

v,-(EjEN(SSéf) < Esec (SSVi(EjENéf) i=1,..,n.

SO{i}

(3) By cohesiveness of the game and the previous steps,

ieN 8:(&(C)- EiEN Vi (EjEN é-f (©)

< 3 le@-vS ] - waw

where (e} ,...,e,) denotes the efficient strategy profile.

In none of these inequalities does the substitution of the RHSs of the n constraints (f) for the RHSs of
the corresponding n constraints (c) (i.e. those for |S| =1 and § D {i} ) endanger the concavities or
convexities invoked, since the payoff functions w°({i}; N\{i}), i= 1,...,n, are themselves concave

functions of the strategy profiles (e,,...,e,).
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